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Abstract. The unique solvability of parabolic equations in Sobolev 
spaces with mixed norms is presented. The second order coeffi- 
cients (except a^^) are assumed to be only measurable in time and 
one spatial variable, and VMO in the other spatial variables. The 
coefficient a^^ is measurable in one spatial variable and VMO in 
the other variables. 



1. Introduction 

In this paper we study parabolic equations of non- divergence type 
in Lp-spaces with mixed norms. Specifically, we consider equations of 
the form 

Ut + a^^(t, x)u^ir^j + x)uxi + c(t, x)u = f (1) 
in Lq^p{{S,T) X R'^), -oo < S < T < oo, where 

lklU,,p((S,T)xR'*) 



We assume that the coefficients a*-', z 7^ 1 or j 7^ 1, are only mea- 
surable in e and VMO in x' G M , and the coefficient a 
is measurable in x ^ e M and VMO in (t, x') G R'^. This means, for 
example, that no regularity assumptions on a^^ are needed if 7^ 1 
or j 1, are functions of only and a^^ is a function of only 
x^ G R. As usual, the coefficients x) and c{t, x) are assumed to be 
only measurable and bounded. 

Under these assumptions as well as the uniform ellipticity condition 
on a*-', we prove that, for g > p > 2 and / G Lg^p((0,T) x R'^), there 
exists a unique function u G W^gp((0,T) x R'^) satisfying u(T,x) = 
and the equation ([T]), where, as in the usual Sobolev spaces, u G 
Wl^^{{0,T) X M-^) if u, u,, u,,, Ut G L,,p((0,T) x M'^). 



2000 Mathematics Subject Classification. 35K10,35R05,35A05 . 
Key words and phrases, second order parabolic equations, vanishing mean oscil- 
lation, Sobolev spaces with mixed norms. 

1 



2 



DOYOON KIM 



As explained in [9], one of advantages of having the L^^p-theory for 
parabohc equations is that one can improve the regularity of solutions, 
for example, in t using embedding theorems with a large q. Indeed, 
one result in this paper is used in [3] to estimate the Holder continuity 
of a solution to a parabolic equation. The same type of argument is 
also used in Lemma 15.61 of this paper. 

The same or similar parabolic equations (or systems) in L^^p-spaces 
(or Sobolev spaces with mixed norms) with not necessarily continuous 
coefficients have been dealt with, for example, in [21 El Ej • However, the 
coefficients a*-^ there are assumed to be VMO in the spatial variables. 
In fact, the coefficients in [2] are VMO in x G M*^, but independent of 
t G M, whereas the coefficients a*-' in [7] are measurable functions of 
only t, and the coefficients a*-' in [9] are measurable in t and VMO in x. 
Since we assume in this paper that the coefficients a*-', except a^^, are 
measurable in (t, x^) G and VMO in x' G M'^""'^, as far as coefficients 
a*-', z 7^ 1 or j 7^ 1, are concerned, the class of coefficients we consider 
is bigger than those previously considered, but since a^^ is measurable 
in G M but VMO in (t,x') G M x ]R^-\ we have to say that the 
class of coefficients a^^ in this paper is different from those, especially, 
in [H]. On the other hand, this paper is a continuation of the paper [5] 
because the results and methods in that paper enable us to deal with 
parabolic equations with the coefficients of this paper in the framework 
of Sobolev spaces with mixed norms. 

Elliptic and parabolic equations in Lp-spaces (not L^^p-spaces) with 
coefficients as in this paper are investigated in [HE], [3], where one can 
find references about equations with discontinuous coefficients as well 
as the non-solvability of equations with general measurable coefficients. 
In addition to references stated in [H [SI [3], we refer the reader to 
papers [12], (TO] [TTl [1] for examples of differential equations which do 
not have unique solutions in Sobolev spaces. One can find in [13] quasi- 
linear parabolic equations in mixed norms. For more references about 
parabolic (or elliptic) equations in Lp or Lq^p, see [2] [9] and references 
therein. 

This paper consist of two parts. In the first part we solve the equation 
([!]) in Sobolev spaces with mixed norms when the coefficients a*-' are 
measurable in x 1 G M and VMO in {t,x') G M x R'^'f This result 
serves as one of main steps in [5]. Then using the results in [5] as well 
as in the first part of this paper, we prove the main result of this paper. 
The first part consists of section [3] and H] the second part consists of 
section [5] and [6] In section [2] we states the assumptions and the main 
result. 



PARABOLIC EQUATIONS IN Lp-SPACES WITH MIXED NORMS 



3 



A few words about notation: We denote by (t, x) a point in M'^^^, i.e., 
{t,x) = {t,x\x') G M X M'^ = M^+i, where t e R, x^ e R, x' e M'^~\ 
and X = {x^,x') G M"'. By u^' we mean, depending on the context, 
one of u^j, i = 2,--- ,d, or the whole collection {Ma.2,--- ^u^d}. As 
usual, Ux represents one of u^i, i = 1, ■ ■ ■ ,d, or the whole collection of 
{u^i, ■ ■ ■ , u^d}. Thus Uxx' is one of u^ix:), where i E {I, ■ ■ ■ ,d} and j G 
{2, ■ ■ ■ , d}, or the collection of them. For a function u{t, x) defined on 
^d+i j^Qj, subset in M'^"''^), the average of u over an open set V C R'^'^^ 
is denoted by (m)^, i.e., 

= — — I u{t,x)dxdt= j- u(t,x)dxdt, 

where \'D\ is the d + 1-dimensional volume of V. Finally, various con- 
stants are denoted by iV, their values may vary from one occurrence to 
another. We write N{d,5, . . .) ii N depends only on d, 5, ... . 

Acknowledgement: I would like to thank Nicolai V. Krylov for 
giving me an opportunity to learn and use his results in [9] before its 
pubhcation. 

2. Main result 

We consider the parabolic equation ([1]) with coefficients a*-', 6*, and 
c satisfying the following assumption. 

Assumption 2.1. The coefficients a*-', 6*, and c are measurable func- 
tions defined on M'^"'"^, a^^ = a^^. There exist positive constants 6 G 
(0, 1) and K such that 

\b%t,x)\<K, \c{t,x)\<K, 

d 

for any {t, x) G M'^+^ and '& G R'^. 

Another assumption on the coefficients a^^ is that they are, in case 
p G (2, cx)), measurable in {t,x^) G and VMO in x' G M'^"^ (the 
coefficient a^^ is measurable in G ffi and VMO in G R'^). 

In case p = 2, the coefficients a*-' are measurable functions of only 
G M^ but a"(t, x^) is VMO in t G M. To state this assumption 
precisely, we introduce the following notation. Let 

Br{x) = {y eR"^ : \x - y\ < r}, 
Bl.{x') = {y' G M'^"^ : \x' - y'\ < r}. 
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Qrit,x) = (t,t + r2) X Br{x), Tr{t,x') = (t, t + r^) X Bl{x'), 

Ar{t, x) = {t,t + r^) X {x^ - r, + r) X B'^{x'). 

Set Br = Br{0), = 5;(0), Qr = Qr{0) and so on. By \B'^\ we mean 
the d — 1- dimensional volume of -B^(O). Denote 

Jt Jx^-r 

osc^t,x') {a'\Ar{t,x))=r-'\B'r\-^ f A;{^,)(r) rfr, 



—r 



where 



A'^,{s,t) = / \d^{s,T,y')-d^{s,T,z')\dy'dz\ 

Jy',z'€B;.{x') 

'^}tx')('^)= / \a'^{a,T,y') - a'^{g,T,z')\dy' dz' dadg. 

J(cr,y'),(p,z')€rAt,x') 



Also denote 



^r{o^^)= sup sup osca;/ (a*-', Ar(t,a;)) 



0^^^\a^^)= sup sup osc(i,2;') ('2*"') ^r(^, a;)) • 

(f,x)GlR<*+i r<R 

Finally set 

Assumption 2.2. There is a continuous function u;(t) defined on 
[0, oo) such that cj(0) = and a* < for all R G [0, oo). 

By W^'p{{S,T) X M'^) we mean the collection of all functions defined 
on {S, T) X M^, -oo < 5 < T < oo, such that 

\\'^\\wl-§{{S,T)xR<i) ■= lklU,,p((5,T)xIRd) + || || L,,p((5,r) xM^) 
+ \\Uxx\\Lg^p{(S,T)xR'') + \\Ut\\Lg^p{(S,T)xRd) < OO. 

We say u G Wl'^p{{S, T) x R"') if m e W^;^{{S, T) x M.^) and u{T, x) = 0. 
Throughout the paper, we set 

L,,, := L,,,(R X M'^), W^;^ := ^.^(R x R'^). 

As usual, 

Lp{{S,T) xR") = Lp^p{{S,T) xR''), 
Wi'''iiS,T) X R^) = W^;^{{S,T) x R^). 
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We denote the differential operator by L, that is, 
Lu = Ut + a^-'uxixi + V'Uxi + cu. 
The following is our main result. 

Theorem 2.3. Let q>p>2,0<T< oo, and the coefficients of L 
satisfy Assumption \2. 1\ and \2. In addition, we assume that, in case 
p= 2, a'-^ are independent of x' G M"^"^. Then for any f G Lg^p((0,T) x 



W^), there exists a unique u G W]^'^{{Q,T) x M"') such that Lu = f in 
(0,T) X M"'. Furthermore, there is a constant N, depending only on d, 



5, K, p, q, T, and uj, such that, for any u G H^^'p((0,T) x M"'), 

ll^llvyJ;p({0,T)xRd) < ^||-f'^||L,,p((0,T)xM'')- 

3. Equations with measurable in g M and VMO in 

(t, x') G M'^ 

In this section we suppose that the coefficients a*-' are measurable in 
G M and VMO in (t, x') G M*^. To state this assumption, set 

Assumption 3.1. There is a continuous function loit) defined on 
[0, oo) such that cj(0) = and a*^^'""'^ < uj{R) for all R G [0, oo). 

The following is the main result of this section. 

Theorem 3.2. Let q>p>2,0<T<oo, and the coefficients of L 
satisfy Assumption \2. 1\ and \3. 1[ In addition, we assume that, in case 
p = 2, a*-' are independent of x' G M'^"^. Then for any f G Lg p((0,T) x 



W'-), there exists a unique u G W]^'^p{{fd,T) x W^) such that Lu = f in 
(0,T) X R''. Furthermore, there is a constant N , depending only on d, 



5, K, p, q, T, and uj, such that, for any u G ^^^^((O, T) x M'^), 

This theorem is proved in the next section after presenting some 
preliminary results. Throughout this section, we set 

L\u = + a!'\x^)uxixi — Au, 

where A > and a^^ are measurable functions of only G M satisfying 
Assumption 12.11 

We start with a theorem which can be derived from results in [5]. 
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Theorem 3.3. Let p > 2 and T G [—oo, oo). For any A > and f G 
Lp[(T, oo) xM'^), there exists a unique solution u G W^''^{{T, oo)^W^) to 
the equation Cxu = f . Furthermore, there is a constant N = N{d,p, 6) 
such that, for any A > and u G M^p'^((T, oo) x R"^), we have 

[[""t IIlp((T,oo)xM'*) + \\'^xx\\Lp{{T,oo)xM.<i) + "V^ll'^a; || Lp((T,oo)xR<') 
+ '^ll^llLp({T,oo)xRrf) < ^II'^A^||lp((T,oo)xR'*)- 

If T = — oo, this theorem is obtained from Theorem 3.2 in [5] for 
p = 2 and Lemma S.jfl in [5] for p > 2. For the case T G (— oo, oo), we 
use the case T = — oo and the argument following Corollary 5.14 in [9]. 

The following three lemmas are Lp-versions of Lemma 4.2, 4.3, and 
4.4 in [5]. Since the estimate in Theorem 13.31 is available, their proofs 
can be done by repeating the proofs of Lemma 4.2, 4.3, and 4.4 in [5] 
with p in place of 2. 

Lemma 3.4. Let p G [2, oo). For any u G 

ll^ilUp(Qr) + \\^xx\\Lp(Qr) + lkx||Lp(Q,) < N {\\Cqu\\lp(q^) + ||n||ij,(Q^)) , 

where < r < R < oo and N = N{d, p, 6, r, R) . 

Lemma 3.5. Let p G [2, oo) , < r < R < oo, and 7 = (7-*^, ■ ■ ■ , 7*^) 
be a multi-index such that 7-*^ = 0, 1,2. If v & C^^{M.'^~^^) is a function 
such that Cqv = in Qr, then 

! \D'l'Dlv\''dxdt<N I \v\Pdxdt, 
Jqt Jqr 

where m is a nonnegative integer and N = N{d,p, 6, 7, m, r, R). 

Lemma 3.6. Let p > 2 and v G C'j^^iM.^'^^) be a function such that 
Cqv = in Q4^. Then 

sup \vtt\ + sup \vtx\ + sup \vtxx'\ + sup \v^^^^\ < N\\v\\lj,(Q^), 
Qi Qi Qi Qi 

where N = N{d, p, 6) . 

The proofs of the lemmas and theorem below are almost identical 
to those in [9], specifically, proofs of Lemma 5.9, Theorem 5.10, and 
Theorem 5.1 in [9j. Basically, one can follow the steps in the proofs 
there using the above lemmas. However, rather than referring to [9], 
we give here complete proofs to provide the details of our case. 

'In fact. Lemma 5.3 in [5] says that the estimate in Theorem 13.31 holds for all 
A > Ao, where Aq > 0, that is, Aq may not be 0. However, since the coefficients a*-' 
of Cx are measurable functions of only G R and 6' = c = 0, it can be proved, 
using a dilation argument, that Aq = in our case. 
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Lemma 3.7. Let p > 2. For every v G Cf^^(R'^'^^) such that Cxv = 
in Qi, we have 

sup \Vtt\+ sup \Vtx\+ sup \Vtxx'\ + sup \v^^^'\ 
Qi Qi Qi Qi 

< N{d,p,S) (\\v^x\\laQ4) + Mlp{Q4) + v^ll^^lUp{Q4)) • 
Proof. We first note that, in case A = 0, by Lemma [3.61 

/ := sup \Vu\ + sup \Vtx\ + sup \Vtxx'\ + sup \Vxxx'\ < ^||^||Lp(Q4)> 
Qi Qi Qi Qi 

The function u := v — {v)q^ — ('^a;0Q4 can replace v in the above 
inequahty since CqU = in Q4. This together with the fact that 
Dl^D^v = D^DIu for m > 1 or I7I > 2 gives us 

/ < N\\v - {v)q^ - x' {v^.)q^ \\l,(q,)- 

This and Lemma 5.4 in [5] prove the inequahty in the lemma for A = 0. 
In case A > 0, let v(t, x) = v(t, x,^) be a function on W^^"^ defined 

by 

v(t, x) = t>(t, x) cos("\/A^), 
where (t,x) = (t, x, ^ G M, and 

= (0,r2) X {x G W^^^ : |x| < r}. 

Observe that 

DTDlv{t,x) = DTDlw{t,x,Q), 

where m is a non-negative integer and 7 is a multi-index with respect 
to X G M''. Thus 

sup \D'l'Dlv\ < sup I^T^xVl- 
Qi Qi 

In addition, 

£ov + v^^ = in Q4. 
Hence by the above reasoning for the case A = we have 

I <N (||Vxx||Lp(Q4) + l|Vt||Lp(Q4)) • (2) 

We see that Vxx is 

VxxCO?,{\/~X^), —\fXvxSiii{\/\^), or — Af cos(V^.^). 

Therefore, the right-hand side of the inequality ([2]) is not greater than 
a constant times 

|kxx||Lp(Q4) + ll^t|Up(Q4) + ^II^x||Lp(Q4) + -^IK'I|Lp{Q4)- 

This is bounded by the right-hand side of the inequality in the lemma 
(note that \v = CqV in Q4). The lemma is proved. □ 
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Lemma 3.8. Let p > 2, \ > 0, k > A, and r E (0, oo). Let v E 

C,~(M'^+i) be such that Cxv = m Q^,.- Then there is a constant N, 
depending only on d, p, and 5, such that 



Q, 



\vt{t,x) - {vt)Qj^ dxdt + f \v^^'{t,x) - {v^^')qJp dxdt 

jQr 

<NK-mv,,\^ + \vtf + \P/'\v,f)^ . (3) 



Proof. We first show that that the inequahty ([3]) follows from the case 
with r = 1. To see this, for a given v E C^^{M.'^'^^) such that Cxv = 
in Q^r, r > 0, we set v(t,x) = v{r'^t,rx). Then v satisfies 

= r'^ (Cxv) {r'^t,rx) = in Qk- 
Note that the coefficients a'''^{rx^) satisfy Assumption 12 . 1 1 with the same 
6. Thus, if the inequality ([3]) holds true for r = 1, we have 



\vt{t,x) - {vt)Q^ \^dxdt+ f \vxx'{t,x) - {vxx')q^ l^dxdt 

JQi 

This proves the inequality ([3]) for r > since 

\vt{t,x) - (fOg, l^dxdt = r^P / \vt{t,x) - ivt)^^ l^dxdt, 

J Qr 

\vxx'{t,x) - {vxx')q^ Y'dxdt = r'^P + \vxx'{t,x) - {vxx')q^ l^dxdt 

J Qr 

[Ivxxl" + + {r^XY''\vx\'')Q^ = {\vxxr + 1^*1" + ^'^'l^^l") q^^ ■ 
Now we prove the inequality for r = 1. For v E C^^{M.'^~^^) such 
that Cxv = in Q^, > 4, set 

v{t,x) = V (^(^)\, , d'^ix') = a^^i^x'/i). 

Then 



Thus by Lemma [3 it follows that 

I <N (^\\Vxx\\LpiQ,) + IK''tlUp(Q4) + ^V^IK'x|Up(Q4)) , (4) 
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where 



/ = sup \Vtt\+ sup \Vtx\ + sup \Vtxx'\ + sup \v, 
Qi Qi Qi Qi 



XXX' 



Note that 



(A/k) I = (k/4) I sup \vtt \ + sup \vtxx'\ I + sup \vtx\ + sup \u 

'k/4 Qk/4 I Qk/A Qk/4 



XXX' 



Using this, the inequahty (jlj), and k > 4, we have 

f \vt{t,x) - {vt)Q^\^ dxdt + f \vxx'{t,x) - {vxx')qJ^ dxdt 

J Oa J Oa 



P 



< sup \Vtt \ + sup \Vtx \ + sup \Vtxx' \ + sup \Vxxx'\ ) < Nk 

\Qk/4, Qk/4, Qk/4 Qfc/4 J 

This finishes the proof. □ 

Theorem 3.9. Let p > 2. Then there is a constant N, depending only 
on d, p, and 6, such that, for any u G W^^'^i^'^^^), r G (0, oo), and 

K>8, 

\Ut{t,x) - {Ut)n \^dxdt+ f \Uxx'{t,x) - {Uxx')n \^ dx dt 



Qr 



<NK'^^'{\Cou\%^^+NK~^i\Uxx\%^^. 

Proof. Since C^(M"'+^) is dense in iyp'^(M'^+^), it is enough to have 
u G C(f'(M'^"'"^). In addition, we can assume that a'^^{x^) are infinitely 
differentiable. Take a A > and, for u G C^(M^+i), let 

f ■= f\ = ^xu. 

We see / G C^(M'^+i). For given r > and k > 8, let r/ G C^(M'^+i) be 
a function such that 77 = 1 on Qf,r/2 and rj = outside (— (^r)^, (^r)^) x 
Bi^r- Also let 

g:=fr], /i:=/(l-r/). 

Then by Theorem 13.31 there exists a unique solution v G Wp''^{M.'^'^^) 
(note that A > 0) to the equation 

C\v = h. 
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From the classical theory we see that the function v is infinitely dif- 
ferentiable. Moreover, since C\v = /i = in QK,r/2 and k/2 > 4, by 
Lemma [3.81 we have 

\vt{t,x) - {vt)n \^dxdt+ f \Vr,x>{t,x) - {V:„^>)r, ^ dx dt 



Kr/2 



Set w := u — v E Wp''^{W^'^^). Then from the above inequality it follows 
that 



/ 

J Q 



\uxx'{t,x) - {uxx')q^ Y dxdt 
< 2^ -/■ \wxx'{t,x)-{wxx')Qj^ dxdt+2P + \vxx'{t,x)-{vxx')Q^fdxdt 



< 



N (MnQ^ + nk-p {\vxx\' + \vt\' + . 

Similar inequalities are possible with Ut in place of Uxx'- Thus we have 



\ut{t,x) - {ut)QjP dxdt+ f \uxx'{t,x) - {uxx')q^\^ dxdt 

J Qr 

< N {\wt\P + \wxx\nQ^ + Nk-p [Ivxxl" + hi" + . (5) 

Now we observe that 

Cxw = Cxiu -v) = f -h = g 
and, by Theorem 13.31 

\wtfdxdt+ / \wxxYdxdt 



< ^ll^?lli,((o,oo)xR^) = N [ \9\'dxdt <N I \frdxdt. 
From this we see that 

i\Wt\%^ + {\Wxx\%,.<NK''^'{\f\%^^, 

Now we use the these inequalities as well as the inequality We 
also use the fact u = w + v and k, > 8. Then we obtain 

\ut{t,x) - {ut)QjP dxdt + + \uxx'{t,x) - {uxx')qJ^ dxdt 
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To complete the proof, we use the fact that Ut = f + \u — a^^u^ixi > and 
then let A \ 0. □ 

4. Proof of Theorem 13.21 

Recall Lu = Ut + a^^{t, where coefficients a*-', b\ 

and c satisfy Assumption 12.11 and 13. 11 Set 

LqU = Ut + a^-^ {t,x)Uxixi- 

Lemma 4.1. Let p > q > 2, and r G (0,1]. Assume that v G 
Wp'l^(R'^+^) satisfies Lqv = in Qar- Then 

where N depends only on d, p, 6, and the function uj. 

Proof. This lemma is almost the same as Corollary 6.4 in [9] if Lq is 
replaced by the operator used there. In our case, we can repeat the 
argument in Corollary 6.4 of [9] if we have the estimate 

for p G (2, oo) and u G Wpf^^{R'^+^), where r G (0, 1], K G (1, oo), and 
TV depends only on d, p, 6, k, and the function u. This is obtained 
using Theorem 2.5 in [5] and the argument in the proof of Lemma 6.3 
of [9]. □ 

The following theorem is proved in the same way as Lemma 3.1 in 
[9]. Because of the difference between our operator L (or Lq) and the 
operator defined in [5], we give a complete proof here. 

Theorem 4.2. Let p > 2. In case p = 2, the coefficients a*-' of Lq are 
assumed to be independent of x' G M'^^"'^. Then there exists a constant 
N, depending on d, p, 5, and the function uj, such that, for any u G 
C^(M'^+i), K > 16, and r G (0, 1/k], we have 

\ut{t,x) - {ut)n \^dxdt+ f \uxx'it,x) - {uxx')o \^ dx dt 



where a = anr 



u 
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Proof. For given u G C^(M'^"'"^), n > 16, and r G (0, find a unique 
function w G 3,4) x M'^) satisfying w{4,x) = and 

Low = flq^^, 

where / := Lqu. Tliis is possible by Theorem 2.2 and 2.5 in [S]. In fact, 
w G W^'\{-3,A)xR^) for all g G (2, oo)0 because flq^^ G Lq((-3,4)x 
M*^) for all g > 2. Let 

w(t,x) = ri{t)w(t,x), 

where 7]{t) is an infinitely differentiable function defined on M such that 

T]{t) = 1, -1 < t < 2, r/(t) = 0, t<-2 or t > 3. 

We see that w G VFpi'2(M'^+i) and, in addition, w G VrJ'2(M'^+i) for all 
q G (2, oo). From the estimates from Theorem 2.2 and 2.5 in [5] we 
have 



/ {\wt\'+\w,.n dxdt< [ {\wt\P + \w^,,\P) dxdt 

JQkt >/(-3,4)xRd 

<Nf \ffdxdt, 

where N depends only on d, 6, p, and u (it also depends on the time 
interval, but the time interval here is fixed as (—3,4)). Thus 

(ktr+k..rw<iv(i/rw, (6) 

i\Wtf+M)Q^<NK'^'{\f\%^^,. (7) 

where = N{d,6,p,uj). 
Now we set 

V = u — w. 

Then V G W^^^M.^^^^), v G W^'\M.'^+^), q G (2, oo), and 

Lqv = in Qf,r- 

Let 



where 



ot ox'^ox^ 



a'i{x^) = I a'^{s,x\y') dy'ds. 



^We may not be able to have g = 2 if p 7^ 2 and the coefficients a*-' are not 
independent of x' G R''^^. 
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Since v G W^''^{R'^+'^) and k/2 > 8, by Theorem ED applied to the 
operator Lq, we have 



\vt{t,x) ~ {vt)Qj^ dxdt + f \v^^>{t,x) - {vxx')qJ'' dxdt 

Qr J Qr 

Using the fact that Lqv = in Q^r, we have 

{\Lov\P) =/ \{a'^{x^)-a'^{t,x))v^.^,\Pdxdt 



< ( j I a'^ {x^)-a'\t,x)\ dx dt\ ( j I v^^^, \ dx dt 

QKr/2 / \^ QKr/2 

where we see 



\a'^{x^) -a'^{t,x)\^Pdxdt <N i \a'^ (x^) - a'^ {t,x)\dxdt 

'Kr/2 Qfcr/2 

< Na*Y\ 

— Kr/2 

From Lemma [4. II we also see 

/ |t7x...f ^ dx dt] < N{d, p, 6,uj)( -f 1^ dx dt] . 

jQ^r/2 ) \JQ^r J 

Hence 

\vt{t,x) - {yt)Q^Y dxdt^ + \vr,r,'{t,x) - {v^^')qJp dxdt 

?r ^ Qr 

Note that 

<iv(K.rw+iv(i/rw, 

where the second inequality is due to ([6]). Also note that, using the 
inequality ([7]), 

/ \w,,>{t,x)-{w,,>)QjPdxdt<N{\w,,>\P)Q^<NK''+'{\f\n 

\w,{t,x) - K)q. I'dxdt <N{\w,\%^ < Nn'^' i\f\%^^ 
Therefore, 

f \u^^>{t,x) - {u^^>)qJp dxdt 

J Qr 



Qkt ' 
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<Nf \v^^'{t,x)-{v^x>)QjP dxdt+N f \w^^'{t,x)-{wr,x')Qj^ dxdt 

J Qr J Qr 

Similarly, we have 



/ 

J Q 



\ut{t,x) — {ut)Q^ l^dxdt 



The theorem is proved. □ 
If (7 is a function defined on M, by (5')(a,b) we mean 

(^)(a,b) = / g{s)ds = {h-3y^ [ g{s)ds. 

J {a,b) J a 

The maximal and sharp function of g are defined by 



Mg{t) = sup f \g{s)\ds, 

t6(a,b) J (a,b) 

g*{t) = sup / |^(s) - (^)(a,b)Ms, 
te(a,b) J (a,b) 

where the supremums are taken over all intervals (a, b) containing t. 

The following corollary follows from Theorem 14.21 above and the ar- 
gument in the proof of Corollary 3.2 in [9]. 

Corollary 4.3. Let p > 2. In case p = 2, we assume that the coeffi- 
cients a*-' (t,x) of Lq are independent of x' G M'^"^. Then there exists 
a constant N, depending on d, p, 5, and the function uo, such that, for 
any u G C^(M'^+^), k > 16, and r e (0, we have 



- (0)(O,r-2)| dt+ f |v9(t) - (V9)(0.r2)| dt 

(0,r2) J (0,r2) 

where a = a^r , 

(f){t) = \\Ut{t, OIUpCRd), ^{t) = \\Uxx'{t, ■)\\, 
Cit) = \\u^x{t, OIUpCRd), ^Pit) = \\Lou{t, ■)|| 



The following two assertions are similar to Lemma 3.3 and 3.4 in 
However, since our statements are a little bit different from those in 
[9], we present here proofs. 
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Lemma 4.4. Let p> 2. In case p = 2, we assume that the coefficients 
a*-^ (t,x) of Lq are independent of x' G M'^^-'^. Let R G (0, 1] and u be a 
function m ^^(M'^+i) such that u{t, x) = for t ^ (0, i?^). Then 

<P*{to) + <^*(to) < iV/€('^+2)/p (M^P(to))'/^ + N{KRf-'"P {Mcf{t^)f^ 

for all K > 16 and to G M, where N = N{d,p,5,uj) and the functions 
(f), ip, tp are defined as in Corollary \4 -SI 

Proof. Take a k such that n > 16. If r < R/k, then nr < R < 1 and 
a3'''''^ < af'""'^ < oj{R). Thus by Corollary SSI 

\4>{t) - (0)(o,r-2) \^ dt+ f \tp{t) - (9?)(o,r2) 1^ dt 

(0,r2) J (0,r2) 

An appropriate translation of this inequality gives us 

/ - (</')(a,b)r dt+ -I \^{t) - M(a,b)r dt 

J(a,b) "'(a,b) 

< NK'+\ij^)(^,^,^ + iV («:-^ + k'^' {uj{R)f'^) (C")(a,c) 

if (a, b) is an interval such that b — a < R^ / and c = a + H?{b — a). 
Note that, for to G (a, b), 

mi.,c) < Mr (to), (0(a,c) < MCito). 

Thus by using the Holder's inequality it follows that 



\Ht) - (0)(a,b)| dt+ j \ip{t) - (^)(a,b)| 
(a,b) >''(a,b) 



where to ^ (a? b) and b — a < R? j . Now take an interval (a, b) such 
that to G (a, b) and b - a > R^/k^. Then 



/ \m - (0)(a,b)| dt<2-[ I^o,R^){t) \(f){t)\ 
7(a,b) >/(a,b) 

<2(-f i^o,R^){t)dt) ^Y/ i^wrrft) 

V^(a,b) / V^(a,b) / 
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By a similar calculation, we obtain 

J {a,h) 

< A^(/^i^)'"'/^(MCP(^o))'^^ 
Therefore, for all intervals (a, b) 3 to, 



I'/'W - (0)(a,b)| dt+ f \ip{t) - (^)(a,b)| 
(a,b) "'(a,b) 



Taking the supremum of the left-hand side of the above inequality over 
all intervals (a, b) 3 to, we obtain the inequality in the lemma. The 
lemma is proved. □ 

Corollary 4.5. Let q > p > 2. Assume that, in case p = 2, the 
coefficients a^^ of Lo are independent of x' G M"'""'^. Then there ex- 
ists R = R{d,p,q,6,uj) such that, for any u G C^(]R''+^) satisfying 
u{t,x) = fort^ (0,i?^), 

where N = N{d, p, q, 6, uj) . 

Proof. Let u G C^(M'^+^) be a function such that u(t,x) = for t ^ 
(0, i?^), R G (0, 1], where R will be specified below. Using the inequality 
in Lemma 1131 as well as the Hardy-Littlewood theorem and Fefferman- 
Stein theorem (note that q/p > 1), we arrive at 



XX 1 1 Lq^p 



for all K > 16. The left-hand side of the above inequality can be 
replaced by ||uJl<,,„ + I^xxIIl,,,, since 



j Lou -ut- ^ a'-^u^^xo I 



Now we choose a large k and then a small R such that 

N{kR)^-^^p < 1/2. 
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It then follows that 

This finishes the proof. □ 

Now that we have an L^^p-estimate for functions with compact sup- 
port with respect to t G M, by repeating word for word the proofs in 
section 3 in [5], more precisely, proofs of Lemma 3.4 and Theorem 3.5 
in [9] , we complete the proof of Theorem 13. 2[ 



5. Equations with a*-'' measurable in (t, x^) e 

Throughout this section, we set 

2xu = Ut + a^^(t, x^)uxixj — Am, 

where A > and a^^ are functions of only (t,x^) G M^, a^^(x^) is a 
function of x^ G M, satisfying Assumption 12.11 

In this section we call q,. the 1-spatial dimensional version of Qr, that 

is, 

qr{t, x^) = {t,t + r^) X (x^ - r, + r) C M X R. 

Especially, qr = qr(0,0). 

As is seen in [3] , one of key steps there is based on Theorem 13.21 in 
this paper. Now that we have proved Theorem 13. 2[ using the results 
in [3] as well as in [5], we are able to state the following theorem. 

Theorem 5.1. Let p > 2 and T G [—oo, oo). For any A > and f G 
Lp{{T, oo) xM'^), there exists a unique solution u G Wp''^{{T, oo)xW'-) to 
the equation Hxu = f . Furthermore, there is a constant N = N{d,p, 6) 
such that, for any A > and u G Wp''^{(T, oo) x R''), we have 

\Wt\\ Lp({T, oo)xRd) + \\Uxx\\Lp{{T,oo)xR'i) + V\\\Ux\\l^(^(^x,oo)xR'') 
,oo) xR'*) p({T,oo)xM'')- 

More precisely, this theorem follows, in case p = 2, from Theorem 
3.2 in [S] and, in case p > 2, from Corollary 4.2 in [3] as well as the 
argument in the proof of Theorem 4.1 in [8] (see also the discussion 
following Theorem 13.31) . 

Based on the estimate in the above theorem, we have the following 
lemmas which are similar to those in section [31 However, we do not 
have D^v, m > 2, in Lemma [5.31 because a^^ are not independent of 
t eR except a^^ 
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Lemma 5.2. Let p G [2, oo). For any u G Wj^f^^iW^^^), we have 

\\Ut\\Lp{Qr) + \\Uxx\\Lp{Qr) + \\Ux\\L^{Qr) < N (ll-CoMlUp(Qfl) + \\u\\Lp{Qn)) , 

where < r < R < oo and N = N{d, p, 6, r, R) . 

Lemma 5.3. Let p G [2, oo) , < r < R < oo, and 7 = (7-^, ■ ■ ■ , 7*^) 
be a multi-index such that 7^ = 0,1,2. Set 7' = (0,7^,- ■■ ,7"'). // 
V G C^'^(]R'^'^^) is a function such that £,qV = in Q^, then 

\D^'vt\Pdxdt+ I \D^v\Pdxdt<N I \v\Pdxdt, (8) 

Qr JQt JQr 

where N = N{d, p, 6, 7, r, R) . 

Let us recall some function spaces which we need in the following. We 
denote by ifp(M'^), s G M, as is well-known, the space of all generalized 
functions u such that {l-Ay^^u G Lp(M^). For A; = 0, 1, 2, ■ ■ ■ , W^{Q) 
is the usual Sobolev space and C'^~^'^{Q), < < 1, is the Holder space. 
By C^(f2) we mean the space of all functions u whose derivatives D°'u, 
\a\ < k, are continuous and bounded in Q. As usual, we set 

\\u\\ck+-{n) = iMcHn) + 2^ sup 

where 



\a\<k 

The following three lemmas generalize Lemma 3.4, 3.5, and 3.7 in 
[3] to the case p > 2. 

Lemma 5.4. Let p > 2 and u G W^'^{{0,oo) x M'^) n ^^([O, 00) x R'^). 
Then 

sup ||n(s,-)|k;(Rd) < ^(0?,P)l|M||wi.2((0,oo)xRd)- 

0<s<oo 

Proof. Note that 

\u{s,x)Y' dx = — I I p\u{t, x)\^~'^u{t, x)ut{t, x) dt dx 



and 

-p\u{t,x)\P~'^u{t,x)Ut{t,x) <p|M|^"Vi| < {p - l)\u\P + \ut\^ . 



Hence 



for all s G [0, 00). 
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Similarly, 

/ \Ua:t{s, x)\^ dx = — / / pj-U^i (t, x) (t, (t, x) (it (ix 

JRd- JRii J s 

{p^ - p)\u^^{t,x)\^~'^u^^^i{t,x)ut{t,x) dxdt, 

where the last equality is due to integration by parts (also note that 
no = P{P - if /(O = m^-^ e e M, p > 2). observe that 



Ut 



Therefore, 



Ms,xWdx<N\\u\\l^,,^^^^^^^^ 



for all s G [0, oo). The lemma is proved. □ 

'locK 



Lemma 5.5. Let 1 < q < oo, p > 2, and v G C'i^^{M.'^~^^) be a function 



such that 2,qV = in Q4. Then, for all x' G B[, 

\\'"i-,x')\\L,M + + \\Vxx'{-,x')\\l,M < N\\v\\l^(^q^), 

where 3 < R < 4, N = N{d,6,p,R), and, as we recall, for example, 
lk(")^')IUqp(q2) Lq^p-norm of v(t,x^,x') as a function of (t,x^) 

on q2 = (0;4) x (-2,2). ' 

Proof. We prove that, for each x' E B[, 

\\v{-,x')\\l,m + \\vx^i-,x')\\L,M ^ ^II^IUp(Q.)' (9) 

where 3 < r < R and = N{d,6,p,T). If this turns out to be true, 
then using this and the fact that Slv^' = in (^4 we obtain the inequality 
IQ with in place of v. Furthermore, using Slv^'x' = in Q4, we also 
obtain the inequality ([9]) with Vx'x' in place of v. Hence the left side of 
the inequality in the lemma is not greater than a constant times 

II^IUp(Qr) + ll^x'IUp(Qr) + \\Vx'x'\\Lp{Qr)- 

This and Lemma [5.31 finish the proof. 

To prove we introduce an infinitely differentiable function 77 de- 
fined on such that 

"1 on [0,4] X [-2,2] 
on \ [(-r^r^) x (-r,r)] ' 



r]{t,x^] 
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where 2 < r < 2\pl. For each x' E B[, view rjv as a function of 
{t,x^) e (0,00) X M. Then by Lemma [El 

sup \\{r]v){s,-,x')\\w^(^) < ^(p)ll(^^)(-'a;')||wi.2((o,oo)xM) (10) 

0<s<oo 

for all x' E B[. Note that the left-hand side of the inequality ([9]) is less 
than or equal to a constant times the left-hand side of the inequality 
ffTOjl . Moreover, the right-hand side of the inequality ffTOj) is no greater 
than a constant times 

\H-y)\\w^,^\,.y (11) 
for all x' G B[. Now notice that there exists a constant and an 
integer k such that, for each {t,x^) G (0,r^) x (— r, r), 

sup < iV||i;(t,x\ Ollv^^^csn- 

This inequality remains true if we replace v with u ^ , v^^ , or f ^.i^,.! • Hence, 
for all x' E B[, the term (fTT!) is not greater than a constant times 

l^<(^' ■)ll^,^(BO + E ll^"^(^' ■)II^^(B1) ' 
m=0 y 

where -D°if = -D^i'W = v^^, and = Wxi^i- We see that the above 
term is, by Lemma [5.31 less than or equal to a constant times the left- 
hand side of the inequality Q (note that {{t^x^^x') : t G (0,r^),x^ G 
(— r, r), < 1} C Q^). The lemma is proved. □ 

Below we use the following notation. 

^^^'^'-''''-it,.{:ZeQ. \t-s\^ + \x-yr 

{t,x)^(s,y) 

Lemma 5.6. Let p > 2, q > max{p, (note that ^ < 1 — and 
^ < 13 < 1 — K Assume that v G Cf^^{M.'^~^^) is a function such that 
2oV = in Q4. Then 

[Vxx']t^,u,Q, < N{d,p,q,S,(3)\\v\\L^^Q,), 

where a = t: — - and v = 1 — B — - . 

" 2 g ' p 

Proof. First we note that < /i < 1 and < < 1. We prove 

H/.,^,Qi + Ki]m,^,Qi < ^II^IUp(Q.)' (12) 

where 3 < r < 4. If this is done, we can finish the proof using the 
argument in the proof of Lemma [531 (i.e., use £vx' = 0, £vx'x' = 0, and 
Lemma 15.31) . 
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To prove the inequality ( fT2i) it suffices to prove the following: for all 

s,t e (0, 1) and x' G B[, 

\\v{t, - v{s, ■,x')\\ci{^i,i) < N\t - s\''\\v\\lj,(q,), (13) 

■,x')||ci+-(-i,i) + hx'{t,-,x')\\ci{-i,i) < N\\v\\l^^q^), (14) 
where v{t,x^,x') is considered as a function of only x^ G (—1, 1). In- 
deed, observe that, for {t,x), {s,y) G Qi, 

\v^i{t,x) - v^i{s,y)\ < \v^i{t,x^,x') - v^i{t,y^,x')\ 

+ \v^i{t,y\x') -v^i{t,y^,y') \ + \v^i{t,y^ ,y') - v^i{s,y^ ,y')\ 

< \x^ - y^\''\\v{t,-,x')\\ci+-^(^-i,i) + sup \\v^'{t,-,z')\\ci{^i.i)W - y'\ 

\z'\<l 

+ \\vit, ■,y') - v{s, ■,y')\\ci{-i,i) 

<N{\x-yr + \t-s\n ||^IU,(Q.)' 
where the last inequality is due to (IT^ and ([H]). This proves 

Similarly, from f|T3|l and f|T^ we obtain 

Now we prove the inequalities f[T^ and f[T^ . Let ?7 be an infinitely 
differentiable function defined on such that 

Jl on [0,l]x[-l,l] 

''^'"'^ \0 on M2\(-4,4)x(-2,2)- 

Also let 

g{t,x^,x') = - ^ a'\t,x^)v^^^J{t,x^,x'), 

i^lor jyi 

SO that 

vt + a^^{x^)v-,i^i = g 

Then 

{r]v)t + a^^{x^){r]v)^i^i = r]g + 2a^^T]^iv^i + {r]t + a^'^7]^i^i)v. 

For each x' G -B^, consider rjv as a function of (t,x^) G (0, oo) x R. 
Then by Theorem 13.21 (note that rjv = {] for t > 4), we have 

ll^^'IUi;p((o,oo)xiR) < ^11^^ + 2a"r/^iW:,.i + (r/t + a^^r/^.i^.i)i;||L^_^((o,oo)xR), 

where N = N{6,p,q). We see that, for each x' G B[, the right hand 
side of the above inequality is not greater than a constant times 

\\vi-,x')\\L,M + + ll^^^'(-,a;')IU,,p(q2), 
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which is, by Lemma 15.51 less than or equal to a constant times 

ll'^IUp(Qr)) 

where 3 < r < r. Hence 

\\Mi-^^')\\w^:^iio,oo)xw) < ^II^IUp(Q.) (15) 

for all x' & B[. Again we view rjv as a function of (t, x^) G (0, oo) x R. 
Then by Theorem 7.3 in [6] 

\\{r]v){t,-,x')-{T]v){s,-,x')\\^2^p^^^.^ < A^|t-s|''||(77t;)(-,x')||vy^i,2((o,oo)xlR) 

(16) 

for each x' £ where N is independent of s, t, and rjv. Using an 
embedding theorem, we have 

\\{riv){t, -.x') - {r]v){s, -, x')||ci+-(M) 

< N\\{r]v){t,-,x') - {T]v){s,-,x')\\^2-p^^y 

where, as noted earlier, u = 1 — f3 ~ 1/p. From this, ( fT5l) . and ( fT6l) . we 
finally have 

\\{r]v){t,-,x') - (r/t;)(s,-,x')||ci+-(K) < - s|^|K'||lp(q,) 

for all x' G B[. This proves f[T^ . Now by setting s = 4 in the above 
inequality, we obtain 

lk(t,-,x')||ci+^(-l,l) <iV||'^;||L,(Q.). (17) 

Then using the above inequality and the fact that ilvx' = in (^4, we 
have 

\\Vx'{t,-,x')\\c^+.(^l,l) < N\\Vx'\\Lj,iQr)- 

This and ( fTTl) along with Lemma [5l3] prove (fT4l) (recall that 3 < r < r). 
The lemma is proved. □ 

Lemma 13.71 and 13.81 in section [3] are repeated below, but since the 
operator £,x is being dealt with, the lemmas have to be modified as 
follows. 

Lemma 5.7. Let p > 2, q > max{p, ^^}, and ^ < f3 < 1 — K For 

every v G C'j^^{R'^'^^) such that £,xv = in Q^, we have 

where /^=f — ^. ^^ = 1- /3 — ^, and N = N{d,p, q, 6, (3). 

Proof. We follow the steps in the proof of Lemma 13.71 but the sup- 
norms of the derivatives of v on Qi have to be replaced by [vxx']^i,v,Qi- 
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Lemma 5.8. Let p > 2, X > 0, n > 4, and r G (0, oo). Let v G 

C,~(M'^+i) be such that £.xv = in Q^r- Then there is a constant N , 
depending only on d, p, and 6, such that 

/ Kx'{t,x)-{vxx,)Q^ \Pdxdt < Nk-'-p + + A^/>.r)Q^^ , 

(18) 

where u = 1/2 — 3/ (4p). 

Proof. We use Lemma [5.71 with q = Ap and /3 = 1/2 — l/(4p). Thus 
2fi = u = 1/2- 3/{4p). Note that 



Q 



\vxx'{t,x) - (wxx')qi l^dxdt < N[vxx']l^,y^Q^ 



and 



{1) [vxx']^,,u,Q,^, if vit,x) =v (^(^"^^ t, "^x^ . 



Using these as well as the argument in the proof of Lemma 13.81 one 
can complete the proof. □ 

Now we arrive at the following theorem, the proof of which is almost 
identical to that of Theorem 13.91 

Theorem 5.9. Let p > 2. Then there is a constant N, depending only 
on d, p, and 6, such that, for any u G W^'"^ {W'"'^^) , r G (0, oo), and 

K>8, 



/ 

J Q 



\uxx'{t,x)-{uxx')Q^ Y'dxdt < Nk^^^ {\il^u\P)Q^+NK-''P (I^-Dq.. . 



where u = 1/2 — 3/(4p). 

6. Proof of Theorem 12.31 
In this section, as in Theorem 12.31 the coefficients of 

Lu = Ut + a^^(t, x)uxixi + b'^u^i + cu 

satisfy Assumption 12. II and 12.21 Especially, the coefficients a^^{t,x) are 
independent of x' G M'^"^ if p = 2. Set 

Lqu = Ut + a^-' {t,x)uxixj ■ 

As noted earlier, due to Theorem 13.21 in this paper, the results in [3] 
are now available. This implies that, by the same reasoning as in the 
proof of Lemma 14. H the inequalities in Lemma 14.11 are possible with 
Lq defined above. Then using the results in section [5] and repeating 
the proof of Theorem 14.21 (with necessary changes), we obtain 
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Theorem 6.1. Let p > 2. In case p = 2, we assume that the coeffi- 
cients a^^{t,x) of Lq are independent of x' G M''"-'^. Then there exists 
a constant N, depending on d, p, 5, and the function uo, such that, for 
any u e C^(R'^+^), K > 16, and r e (0, I/k], we have 




Uxx'(t,x) - {uxx')q^ l^dxdt 



where u = 1/2 — 3/ (4p) 

In the foUowing we state coroUaries and a lemma corresponding to 
Corollary 14. 31 Lemma 1131 and Corollary I4.5[ Since we are dealing with 
a*-' different from those in section HJ we have different statements. 

Corollary 6.2. Let p > 2. In case p = 2, we assume that the coeffi- 
cients a^^(t,x) of Lq are independent of x' G M'^""'^. Then there exists 
a constant N, depending on d, p, 5, and the function uj, such that, for 
any u G C^(M'^+^), k > 16, and r G {0,1/k], we have 

T - i^)(oy^)\'' dt 

J(0,r2) 

where u = 1/2 — 3/(4p), 

^{t) = WUxx'it, OIlLpCRd), 
C(^) = \\Uxx{t, OIUpCRd), ^(t) = \\Lou{t, ■)\\Lj,{Rd). 

Lemma 6.3. Let p > 2. In case p = 2, we assume that the coefficients 
a^^{t,x) of Lq are independent of x' G M"'""'^. Let R G (0, 1] and u be a 
function m C^{W^+^) such that u{t, x) = for t ^ (0, i?^). Then 

^*{tQ) < iV/€('^+2)/p ^MtijP{tQ)f''' 

for all K > 16 and to G M, where v = 1/2- 3/(4p), = N{d,p,6,uj), 
and the functions ip, (, i/j are defined as in Corollaru \6.2[ 

The proof of the next corollary clearly shows the necessity of the 
result for the case with a^^ (t, x) measurable in G M and VMO in 
{t,x') G M'^ (Theorem [S;! specifically, Corollary US]) . 
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Corollary 6.4. Let q > p > 2. Assume that, in case p = 2, the 
coefficients a*-' of Lq are independent of x' G M'^"-'^. Then there ex- 
ists R = R{d,p,q,6,u!) such that, for any u G C^(M''+"^) satisfying 
u{t,x) = Ofort^ (0,i?^), 

ll^tlUg.P + \\Uxx\\l,.p < N\\Lou\\l^^^, 

where N = N{d, p, q, 6, u) . 



Proof. As is seen in Corollary 14. 5[ from Lemma 16.31 we obtain 

for all K > 16 and R G (0, 1], where v = 1/2 — 3/{Ap). To obtain an 



estimate for u^ix^y we set 



where A^^iu = Yl'i=2'^x^xi- Then 

LiU := Ut + a^^u^^^i + ^d-iu = g 

and the operator Li satisfies the assumptions in Corollary 14.51 Thus 
there exist -Ri = Ri{d,p, q, 6, u) and N = N{d,p, q, 6, uj) such that 

IWx^xAlw, < N\\g\\L,„ < N {\\Lou\\l,„ + Wuxx'WlJ 

for all u G C^(M"'+^) such that u{t,x) = for t ^ (0, x M"'. From 
this together with the estimate for Hwa^x'lUq.p above, we have 

\\Uxx\\L,.,<NK^'^+'yqLouh,., 

if u{t,x) = for t ^ (0, min{i?^, i?^}). Now we choose a large k and 
then a small R (smaller than Ri) such that 

(note that z/ > 0). Then we have 

\\uxxW,<2Nk^''^''^I^L,u\\l,,^. 

Finally, notice that 

ht\\L,,v = WLqu- a'^u^^^,\\L^^^ < ||i^o«|U,,p + iVhx•x•IU,,p• 
The corollary is now proved. □ 
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As in section HI using the L^^p-estimate proved above for functions 
with compact support with respect to t G M and following the proofs 
in section 3 in we complete the proof of Theorem 12.31 
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